In the article two finite difference schemes for the 1D poroelasticity equations (Biot model) with discontinuous coefficients are derived, analyzed, and numerically tested. A recent discretization [Gaspar et al., Appl Numer Math 44 (2003), 487-506] of these equations with constant coefficients on a staggered grid is used as a basis. Special attention is given to the interfaces and as a result a scheme with harmonic averaging of the coefficients is derived. Convergence rate of O(h 3/2 ) in a discrete H 1 -norm for both the pressure and the displacement is established in the case of an arbitrary position of the interface. Further, rate of O(h 2 ) is proven for the case when the interface coincides with a grid node. Following an approach applied to secondorder elliptic equations in [Ewing et al., SIAM J Sci Comp 23(4) (2001), 1334-1350 we derive a modified and more accurate discretization that gives second-order convergence of the fluid velocity and the stress of the solid. Finally, numerical experiments of model problems that confirm the theoretical considerations are presented.
INTRODUCTION
The classical Biot model treats consolidation of linearly elastic porous solid in a bounded domain ⊂ R d with boundary , which is either fully saturated by a slightly compressible fluid, or is almost saturated with incompressible fluid. The fluid pressure p(x, t) and the displacement of the media u = (u 1 , . . . , u d ) satisfy the following system: This system is supplied with relevant boundary conditions that have clear physical meaning. For example, the pressure p = g could be prescribed on part of the boundary D and "no-flow" condition k∇p · n = 0 on the rest of the boundary N . Here n is the unit normal vector to , pointing outside the domain . For the displacement we may have u = 0 on 0 and σ · n = g on t that corresponds to the case when the elastic body is clamped on 0 and have prescribed traction force on t .
This system is remarkable in many respects. First, it is a good approximation of a physical process for which the deformations vary sufficiently slowly so that the inertia effects are negligible. Second, it is a reasonable simplification of more general system of partially saturated porous media of barotropic fluids with density ρ = ρ(p), a model that involves as an additional variable the saturation S and one additional equation. This and other models are important tools in simulations of flow in porous media and have numerous engineering applications.
The Biot model [1] (see also [2, 3] and references therein) describes well a class of fluid flows in deformable porous media, which is of interest for geosciences, bioscience, and engineering. Analysis of the well-posedness, uniqueness, and existence of the solution of this problem can be found, for example, in [4] .
Solutions of Biot system in closed form is available only in very special cases see, e.g. [5, 6] . Therefore, numerical methods are commonly used for solving the respective initial-boundary value problem. The finite element method is preferred in many cases, especially when dealing with complex domains or adaptive grids (see, e.g., [3, 7, 8] ). However, often solutions generated by finite elements and finite differences on collocated grids exhibit nonphysical oscillations at the early stages of the time stepping (i.e., close to the initial state). To avoid this difficulty certain discretization on staggered grid have been suggested and theoretically analyzed in [9, 10] in the case when the coefficients of the poroelasticity system are smooth. The situation is quite complicated when the coefficients have discontinuities along material interfaces, e.g., multilayered porous media, especially when it is essential to capture accurately the solution near the interface.
A finite difference scheme for multilayered porous domain has been developed in [11] and a number of numerical experiments have been presented and discussed. The scheme in [11] uses staggered grids for the pressure p and the displacement u and approximation of the fluxes and stresses with harmonic averaging of the coefficients. Such an approach for second-order elliptic equations has been developed in the 1960s by Samarskii and is summarized in his monograph [12, Chapter 3] . One of the goals of this article is to analyze the schemes from [11] in the case of discontinuous coefficients. In Section 4 we show O(h 3/2 )-rate of convergence in an operator norm equivalent to the "energy norm" for arbitrary locations of the interfaces and O(h 2 )-rate, when the interfaces coincide with grid nodes associated with displacements. Further, following the approach developed earlier in [13] for a scalar elliptic equation with discontinuous coefficients, we derive a modified and more accurate variant of this scheme (called modified scheme with harmonic averaging of the coefficients).
The remainder of the article is organized as follows. The Biot model, describing poroelasticity of a multilayered porous media, and its finite difference discretization are presented in Section 2. Section 3 is devoted to convergence analysis of the scheme using harmonic averaging. Since the proofs are very technical, we have moved them to an Appendix. Section 4 contains derivation of modified finite volume difference schemes that use the equations to improve the approximation near the interface. Finally, in Section 5 numerical experiments on several model problems are given and some conclusions are drawn.
PROBLEM FORMULATION AND ITS FINITE DIFFERENCE APPROXIMATION

Continuous Problem
In this article we consider an one-dimensional (1D) Biot model (1), (2) with discontinuous coefficients. We assume no external bulk forces are acting on the porous media so that the first equation is homogeneous, i.e., h(x, t) = 0. For the full formulation of the problem with boundary conditions and a special choice of the initial conditions, we refer to [9] .
First we introduce dimensionless dependent and independent functions by using the characteristic length, and reference values for the permeability, Lamé coefficients, etc. (see, e.g., [9] ). Our focus is on the accurate treatment of the interface condition. In order to simplify the exposition we shall assume that the coefficients are discontinuous at just one interface point ζ ∈ (0, 1). Thus, we consider the following 1D variant of (1), (2) :
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Grids and Notations for Finite Differences and Discrete Norms
We split the interval (0, 1) into N > 1 equal subintervals of size h = 2/(2N − 1). We use two different spatial grids (so-called staggered grids), ω p to discretize the pressure equation, and ω u to discretize the displacement equation, and a grid in time t with a step-size τ :
One may look at these meshes as designed to represent the values of the pressure p at the grid points x i ∈ ω p and the values of the displacement u at the midpoints ξ i ∈ ω u of the subintervals (x i−1 , x i ) (see Fig. 1 ). The position of the interface ζ could be represented in the form
where 0 < n < N is an integer and 0 ≤ θ < 1. Now we shall introduce the following shorthand notations for discrete functions defined on ω p × ω T and ω u × ω T , respectively: 
Further, we shall use the standard notation for the first-order backward and forward finite differences on a uniform mesh (see, e.g., [12] ):
Inspecting these expressions, we see that they represent central differences with respect to the points in ω u , and therefore we can consider them as quantities defined on the mesh ω u . In a similar way we define
which represent central differences with respect to the points in ω p and could be considered as quantities defined on the mesh ω p . Finally, we define the finite differences in time
Finite Difference Scheme
We approximate the differential problem (3) by finite volume method. We integrate the first equation over each interval (x i−1 , x i ) and the second equation on (ξ i , ξ i+1 ). To approximate the quantities W (x i ) := ν(∂u/∂x)(x i ) and V (ξ i ) := −k(∂p/∂x)(ξ i ) we look at W (x) and V (x) as new dependent "flux" variables solve for ∂u/∂x and ∂p/∂x and integrate over the meshes ω u and ω p to get the harmonic averaging of ν and k expressed in (8) . For more details we refer to [12, Chapter 3, pp 150-155] or [13] . Then choosing an implicit discretization in time we get the following finite difference scheme for the discrete approximate solution u = u j i at point
where
Operator Form of the Difference Scheme
First we define the discrete divergence operator D
and the discrete gradient operator G
The right-hand sides give rise to bilinear forms on the spaces of discrete functions and define linear operators, which could be expressed in a component form as
Using summation by parts one can easily show that for any discrete functions u ∈ H ωu , p ∈ H ωp , operators G and D are adjoint to each other in the following sense (Gp, u) ωu = −(p, Du) ωp . We also introduce operators that represent multiplication by a scalar grid functions a, ν, and k defined by (8) and (9) in the spaces H ωp and H ωu :
Finally, we introduce the operators A and B:
It is obvious from the definition that that the operators A and B are self-adjoint and positive definite in the inner products of the spaces H ωu and H ωp , respectively, and therefore they define new (energy) norms:
The discrete operators defined above are invertible, the inverse operators are also self-adjoint and positive definite, and thus they define norms. For the further analysis we will need some properties of the operators and operator norms introduced above. These properties are given in the following lemma.
Lemma 2.1. For any v ∈ H ωu and q ∈ H ωp we have
Proof. The proof of these inequalities follows form the definition of the operators D, G, A, and B. By the definition of the A-norm of v ∈ H ωu we have
which proves the first inequality. The other inequalities are obtained in the same manner. Note that the last two inequalities follow easily from the above consideration and the discrete analogs of Poincare inequality (see, e.g., [12, p. 110-114] 
Using the above notations, we can write difference scheme (7) in an operator form: find u j +1 ∈ H ωu and p j +1 ∈ H ωp such that
For smooth coefficients (e.g., single layered porous media), second-order convergence in operator norms is proven in [9] . In this article we give a theoretical analysis of the convergence rate of the difference scheme (13) in the case of discontinuous coefficients.
Remark 2.1. From the above derivation of the scheme and the proofs of various estimates we easily see that the proposed approximations are easily extended to multidimensional rectangular grids and problems with interfaces that are parallel to the grid lines.
ANALYSIS OF THE SCHEME WITH HARMONIC AVERAGING OF THE COEFFICIENTS
Stability of the Finite Difference Scheme
Studying the scheme for problem with discontinuous coefficients will be done in the framework of the operator theory of finite difference schemes (see, e.g., [12, 14] ). The following proposition, is a straightforward reformulation of the similar proposition from [9] , establishes the stability of the scheme will be used throughout this article for deriving a priori error estimates.
Proposition 3.1. If σ ≥ 0.5, then the solution of the difference scheme (13) satisfies the following relation for any j ≥ 0:
Now we introduce the error in the displacement and the pressure:
Obviously, the error functions z and r satisfy r j +1 0 = 0, z j +1 N = 0 and solve the following finite difference problem:
where the discrete functions ψ j +1 1 ∈ H ωu and ψ j +1 2 ∈ H ωp are approximation (local truncation) errors for the first and second equations, respectively.
Lemma 3.1. The following presentation of the local truncation error is valid:
Proof. The above representation of the truncation error follows easily from the corresponding "balance" equations. Namely, we take the first equation (3) for t = t j +1 and integrate over one interval of the mesh ω u . Similarly, we take the second equation (3) at t = t j +(0.5) and integrate over one cell of the mesh ω p . As a result we get (16), (17), (18), and (19). , where m σ = 1 if σ = 0.5 and m σ = 2 if σ = 0.5. Thus, error estimate follows easily from the stability of the scheme. In the case of interfaces the situation needs more refined analysis. Below, we shall present two cases, arbitrary location of the interface position with respect to grid points and interface at a grid point.
Error Estimate for an Arbitrary Position of the Interface
In this case the parameter θ in ζ = ξ n + θh can take any value between 0 and 1. Namely, we prove the following. (13) is convergent and the following a priori error estimate holds:
with a constant C independent of h and τ , m σ = 1 if σ > 0.5, and m σ = 2 if σ = 0.5.
The proof of the above estimate is quite technical and is done in several steps. In order to improved the readability of the article and to stress on the main results we have moved the proof of this proposition to the Appendix. The same strategy we use for Proposition 3.3.
Error Estimate When the Interface is a Grid Node in ω u
The results from the previous subsection are valid for an interface position, independently of its location with respect to grid points. A better estimate can be obtained in the particular case when the interface coincides with a node of the grid ω u , i.e., ζ = ξ n and θ , defined in (6), is zero.
Proposition 3.3. Assume that the solution u(x, t) and p(x, t) of the problem (3) is sufficiently smooth for t > 0 in each of the subintervals (0, ζ ) and (ζ , 1) and u
0 and p 0 are O(h 2 ) approximations of u(x, 0) and p(x, 0) respectively, and assume that ζ = ξ n . Then the finite difference scheme (13) is convergent and the following a priori error estimate holds true:
with a constant C independent of h and τ , m σ = 1 if σ > 0.5 and m σ = 2 if σ = 0.5.
MODIFIED FINITE VOLUME APPROXIMATIONS
Now we will derive two modifications of the scheme, which will allow us to achieve better approximation for both W = ν∂ x u and V = −k∂ x p. Recall, that W (x, t) in the scheme (7) is approximated by w at the grid points ω p and V (x, t) by v, at the grid points ω u , where w ∈ H ωp : w = NDu for u ∈ H ωu , and v ∈ H ωu : v = −KGp for p ∈ H ωp .
Finite Difference Scheme with an Improved Approximation of the Stress
Suppose now that interface position coincides with one of the points ω p , i.e., ζ = x n , 1 ≤ n ≤ N − 1, x n ∈ ω p . To simplify the exposition we shall assume here that k and ν are piecewise constant functions. Consider the approximation of the flux W (x, t) using harmonic averaging of the coefficient ν at the interface point x n :
Now expand u n and u n+1 around x n :
where we have denoted by (∂ x u)
, etc. Now we substitute expansions (23) and (24) into the expression for w n and recall that u(ζ − 0, t) = u(ζ + 0, t)
Next, we use the stress continuity ν 1 (∂ x u) − = ν 2 (∂ x u) + = W and rewrite (25) as
from where we get the following approximation for W (x n , t):
Now taking limits in the first equation of (3) from left and right to the interface we get
and we rewrite the expression (26) in the form
Using the continuity of the fluid velocity
and approximating derivatives (∂ x p)
− and (∂ x p) + with finite differences p x,n and p x,n+1 , respectively, we obtain the following approximations of the flux
Note thatw
The above discussion results in the following modifications of the scheme (13):
where the operatorK : H ωu → H ωu is defined as
Obviously, the difference between the modified scheme (29) and the scheme (13) is in the approximation of the flux W (x, t) at the interface point x n . As a consequence, the approximation of the first equation of the system (3) has changed in the two neighboring to the interface points, ξ n and ξ n+1 . The modified scheme provides a second-order of approximation for both stress and velocity when the interface position coincides with point x n . (25) is dominating the error. One can easily see from (28), that the above modifications give no improvement in the case when the parameters of the media are such that ν 1 k 1 = ν 2 k 2 , and they give negligibly small improvement when the following inequalities hold:
Remark 4.1. The modified scheme is derived supposing that the O(h) reminder term in
1 4 ν 2 − ν 1 k 1 k 2 ν 1 + ν 2 1, 1 4 ν 2 k 2 k 1 − ν 1 ν 1 + ν 2 1.(31)
Finite Difference Scheme with Improved Approximation of the Velocity
If the interface position coincides with one of the grid points of ω u , i.e. ζ = ξ n , where 1 ≤ n ≤ N − 1 is some integer, another modification of the scheme (13) can be derived. Analogously to the previous section, we modify expressions, approximating the flux V (x, t) near the interface bỹ
According to these modified expressions for the flux, the equations of the (13) are changed just at the points i = n − 1 and i = n so that the operator form of the modified scheme now is Here we choose
The position of the interface is at ζ = 
, sin 1 12 cos(4π
.
Convergence results are summarized in Tables I-IV . Note, that the mesh size h is decreased in a way, preserving a constant value for the parameter θ in the expression ζ = x n−0.5 + θh. The convergence results are given for two time moments, t = 0.1 and t = 1.0. The rate of convergence is presented in each table in the last line and is calculated according to the following formula:
where 1 are 2 are errors, calculated for grids with step-sizes h 1 = 1/640 and h 2 = 1/2560, respectively. Our first observation is that there is no substantial change in the errors monitored at time moments t = 0.1 and t = 1.0. The existing theoretical error estimates for this problem (see, e.g., [9] for the case of continuous coefficients), predict some increase of the error in time. Our computations show that the theoretical estimates are overestimating the error.
Our second observation is that the displacement, the pressure, and the stress converge with second-order in time and in space both in L 2 -and in maximum norms. The fluid velocity converges with second-order in L 2 -norm and with first order in maximum norm. On very coarse grids velocity converges with higher than first order in maximum norm, a possible reason is that these grids are far from the asymptotic regime. It is known that the space or time truncation error terms could dominate and thus could govern the error, depending on the set of space and time discretization parameters used. Tables I-IV also illustrate such a behavior: on the coarse grids the space discretization governs the error for the velocity, while on the finer meshes the time discretization error dominates. Further, on Figs. 3-5 we compare the stress calculated with the schemes (7) and (29) for three examples. The aim is to illustrate the accuracy of the modified scheme for different sets of the parameters. Solid lines in these figures represent the exact solution obtained on a very fine mesh by the scheme (7) . Note that on such grids both schemes, the basic and the modified, give very similar results, which are not distinguishable on these pictures. The advantage of the modified scheme becomes more evident on coarser grids. Fig. 3 . We see that coarse grid solutions calculated with both schemes differ from the fine grid solution; however, the modified scheme provides a better approximation. very good approximation to the solution even on relatively coarse grids, which is not the case for the standard (not modified) scheme. 
APPENDIX
Proof of Proposition 3.2. The first step will be to establish estimates for the errors z and r, introduced in (15). For any fixed j we split displacement error z = z j in the following way:
Then using this and the equation Az 1,t = ψ 1,t we get
Since the approximation error ψ 1 can be represented in a form (16), from Lemma 2.1 we have
Using Taylor expansion we easily see that η 1,i = O(h 2 ) for all i = n, and
. Similar estimates are valid for the discrete time derivatives of η. Hence, from (38) it follows
Consider now the problems for r j and z
If σ ≥ 0.5, it follows from (14):
Consider local truncation error ψ 2 . It can be represented in the form (17), (18), where for θ ≤ 0.5
and for θ > 0.5 
Next, apply the inequalities of Lemma 2.1 get Dz 1,t B −1 ≤ 2c k c ν z 1,t A . Further, recall (39) to so that
and after substitution of (43) 
Finally, since (39) and (42) 
. Thus, if we split z = z 1 + z 2 , where Az 1 = ψ 1 , then we have
By taking into account the equation Az 1,t = ψ 1,t , one gets in a similar manner the estimate
. Now we consider the local truncation error ψ 2 . As before, we split ψ 2,i into two parts according to the formula (17) withψ 2 . This indicates that the local truncation error near the interface is essentially O(1), but due to its particular form we can still prove second-order convergence.
We proceed in several steps. We first decouple the problem (40). Since A = −GN D, from the first equation we have Dz 2 = N −1 r. After substitution Dz 2 into the second equation of (40) we obtain a problem for the pressure error r only:
Note that Q + N −1 is an operator with a diagonal matrix. In order to get an optimal order error estimate we split the local truncation error near the interface. Thus, we split ψ 2 = ψ * 
Based on this splitting we present the error for the pressure in the form r = r 1 + r 2 , where r 1 and r 2 are solutions of the following problems, respectively 
Consider now the problem (48). In view of (46) 
Operators B −1 and N −1 are positive definite, Q is non-negative, hence B −1 (Q + N −1 ) is positive definite, and for σ ≥ 0.5 the following inequality holds
In this case we can write an estimate (see, e.g. [12] ) for the solution of the problem (50):
Here B −1 ψ * j 2 ωp can be estimated as (see [12] )
where c is a constant independent on discretization parameters. 
